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Abstract

This paper reviews several statistical models for network data with the
aim of analyzing the relational structure of matched employer-employee
data.

1 Introduction
Few economic relationships are as well documented as the exchange of labor.
With the advent of matched employer-employee data, the identities of both
parties in millions of labor contracts are known as well as important details
of the participants and their relationship. This data has become available
at the same time that interest and opportunity to study large-scale networks
of social and economic interactions has become possible. The social relations
between workers and firms at any point in time can be represented as a bipartite
graph, with separate nodes in the network standing for either firms or workers
[1]. The links between these nodes represent the existence of an employment
relationship. Worker i is connected to firm j just when i is employed by
j. In modern graph theory, all of the relevant attributes of the network can
be summarized in the graph. Characteristics of the worker are attached to
the workers node. These are the things that the worker carries with him
from job to job, including education, skills, demographic characteristics, etc.
Characteristics of the relationship between i and j, such as the wage, benefits,
tenure, match-specific capital, attach to the edge linking the two.
From the perspective of labor economics, we are interested in modelling the

exchange of labor services for policy purposes, and in order to understand the
extent to which labor markets allocate labor efficiently. Thus, it is important
to understand how labor market relationships form, how they end, and how
the nature of the employment relationship is determined. More specifically,
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there is reason to suspect that whether an employment relationship forms is not
independent of the formation of other labor market relationships, and neither are
the outcomes of those relationships. In sociological terms, there are structural
features of labor markets that constrain the flow of labor. Workers might be
constrained in the labor market because they are trapped in a segment of the
labor market with low returns to human capital. In terms more common in
economics, there may be peer effects that determine where people get to work,
and what kinds of wages and tenure they earn.
Matched employer-employee data offer unprecedented information on such

questions. Indeed, the hope is that these data are sufficiently rich to identify
social interactions in labor market outcomes. However, the statistical and com-
putational tools that exist for incorporating relational information about which
employees work for particular employers with more conventional data on labor
market outcomes are in their infancy. To develop statistical models and meth-
ods for inference that exhaust the relational information inherent in matched
employer-employee data, we believe there is value in the methods developed by
statistical sociologists and computer scientists for modeling network data.
This paper reviews a set of models that were developed by sociologists and

statisticians for analyzing social network dynamics. There are several intersect-
ing streams of literature that model random networks as generally as possible.
The central model in this literature is the p∗ logit model developed by Wasser-
man and Pattison [8] (1996), also know as the Exponential Random Graph
Model (ERGM). The p∗ model is a generalization of several earlier models; in
particular the p1 model developed by Holland and Leinhardt [5] described by
Fienberg, Meyer and Wasserman [2] (1985) and the Markov Random Graph
model devised by Frank and Strauss [3] (1986). Although the p∗ is essentially a
model for static social networks, there has also been a recent stream of literature
extending the p∗ to an agent-based model of network dynamics in a way that is
similar to the classic RATE models of statistical sociology [4]. Snijders (2001)
[7] is the essential reference, though Koskinen (2004) [6] claims to have gener-
alized Snijders’ model in a fully Bayesian framework that allows representation
of a wider class of dynamic graph models, including, importantly, undirected
bipartite graphs, and for which there are superior inferential methods.

2 EarlyModels: p1 andMarkov RandomGraphs

2.1 p1

2.1.1 The model

The data (adjacency) matrix, x, is a realization of a random matrix X, in which
each dyad, Dij = (Xij ,Xji) is an independent bivariate random variable with
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possible values

Dij = (1, 1)

= (1, 0) or (0, 1)

= (0, 0)

The object is to model the probability, Pr(Dij = (k, h)). This is a gener-
alization of a Poisson random graph model in which each Xij is taken to be
an independent Bernoulli random variable. The extension to multiple relations
simply replaces the dyad form above, in which the dyad outcome is a 2x1 vector
with a 2xR dyad outcome.
Take the number of relations, R = 1. An intuitive way to model each dyad

is to define a random variable Yijkh such that

Yijkh = 1 when Dij = (k, h)

This allows us to capture a very general model in which the probability of each
dyad state depends on the actors’ identities.but also incorporates the dyad state
itself.
Let πijkh = Pr(Dij = (k, h)) = Pr(Yijkh = 1).The Holland-Leinhardt p1-

class specifies a log-linear model in which the probability of each dyad state
depends on actor identities and the possibility of reciprocity.

log Pr(Dij = (k, h)) = log Pr(Yijkh = 1)

= λij + k(αi + βj + θ) + h(αi + βj + θ) + khρij

They impose the additional identifying restrictions

ρij = ρ
gX
i=1

αi =

gX
i=1

βi = 0

2.1.2 Estimation

The p1 model as specified above is fully identified. Estimation of p1 is just
the task of estimating a log-linear model for Yijkh with the particular set of
two-way interactions. This is possible through an Iterative Proportional Fitting
procedure on the g × g × 2× 2 matrix Y = (Yijkh).
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2.2 Markov Random Graph Models

2.2.1 The Model

2.2.2 Estimation

3 p∗

3.0.3 The Model

The p∗ model is a generalization of the Markov random graph model, and is
able to account for completely general specifications of dependencies between
features of the graph. Anderson, Wasserman and Crouch note that the p∗

model can be derived either by specifying an autologistic regression model that
keeps track of the dependency structure, or alternatively, as a generalization of
the theory of Markov random fields via a result called the Hammersley-Clifford
theorem. The presentation here is based on the autologistic regression approach
and borrows from the presentation in Anderson, Wasserman and Crouch (1998).
Again, g is the number of actors in the data, and N = {1, ..., g}. We let x be
the observed data, which is a g × g adjacency matrix.
The function z(x) = (z1(x), z2(x), ..., zr(x)) is a map from the space of all

possible g×g adjacency matrices to Rr. These can be any functions of the data.
Table 4 in Anderson, Wasserman and Crouch suggests some of the possible
functions of the data that can be incorporated into z(x). We assume that the
probability over graphs is log-linear in the components of z.

Pr(X = x) =
exp[θ0z(x)]

κ(θ)

where θ ∈ Rr is a parameter vector to be estimated.
On the basis of this general model, we proceed to formulate a logit model

for the individual links. Unlike the standard iid case for these models, it is
necessary to work with the conditional distribution of each link. To facilitate
this, some special notation is required. Let Xc

ij refer to the set of all random
variables describing each edge, subtracting out the variable Xij . This is the
conditioning set for link Xij . Let x

+
ij be the matrix identical to x, but with

xij = 1 Define x−ij as the data matrix identical to x but with xij = 0. Based
on this, specify the conditional odds ratio:

exp{ωij} =
Pr(Xij = 1|Xc

ij)

Pr(Xij = 0|Xc
ij)

=
Pr(X = x+ij)

Pr(X = x−ij)

=
exp[θ0z(x+ij)]

exp[θ0z(x−ij)]
= exp(θ0(z(x+ij)− z(x−ij)) ≡ exp θ

0dij
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where dij = (z(X
+
ij )− z(X−ij ). So we end up with the system of equations

ωij = θ0dij

3.0.4 Estimation

The claim is that this model can, in general, be estimated using standard logit
techniques. The catch is, apparently, that you have to assume that the logits,
ωij , are mutually independent so that a pseudo-likelihood approach can be used.

4 Longitudinal Models

4.1 Snijders (2001) Model for Longitudinal Social Net-
work Data

Snijders (2001) considers the dynamic evolution of social interactions between a
set of n actors. He models the directed social network at any point in time, t, as
a n×n adjacency matrix, x(t). Letting ℵ be the space of all such matrices, the
network evolution is modeled as a continuous time Markov chain whose states
are the adjacency matrices in the set ℵ. Transition probabilities are taken to
depend on actor attributes, edge attributes, and various network statistics that
are taken to matter because the determine how actors in the model behave to
alter the network by changing their outgoing links. Estimation of the parameters
in the transition probabilities is based on matching simulations of the model to
the observed data.

4.1.1 The Model

Each actor in the model has an objective function, fi(β, x) which represents
preferences over the various network configurations, x ∈ ℵ, which vary with the
parameter β. At any point in time, at most one actor is selected to make a
change to his outgoing links. We will adopt the following notation: let xcij(t) be
the adjacency matrix that is identical to x(t) except that the link from i to j
has changed. Therefore, xij(t) = 1 if and only if xcij(t) = 0.
The agent’s objective function can depend upon his own characteristics, the

characteristics of other agents, and on characteristics of their relationship. It
can also depend on arbitrary characteristics of the complete network. Thus, the
calculation by the agent of the benefit of extending or retracting any particular
link can be based on any features of the network one cares to specify, as in the
p∗ model.
The various configurations of social network can be thought of as states

in a stochastic process, X(t) that evolves continuously over time. Transition
probabilities in the continuous time Markov process are given by the "transition
intensity", which is defined as

qij(X) = lim
dt↓0

1

dt
Pr{X(t+ dt) = xcij |X(t) = x}
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This is the probability of changing from state x to state xcij at any particular
moment in time. The matrix [qij(x)]. is the continuous time analogue to the
usual transition matrix In Snijders setup, the transition intensity is

qij(x) = λi(x)pij(x)

where λi(x) is the waiting time between each change made by i, and pij(x)
determines whether i changes his link to j conditional on the fact that he actually
makes a change at t.

λi(x) can either be specified as coming from a particular distribution, or
modelled as a function of node and edge covariates. In terms of the modelling, all
that matters is that the distribution of waiting times is such that the probability
that any two agents make a change at the same time is zero. The idea is that
the model evolves through "ministeps", of which we observe only a few. This
assumption is more crucial in the limited panel data available in most social
network research, where only a few timepoints are observed.
Snijders (2001) assumes that the rate function is identical for all agents, given

by λk, which means that for any time point, t ∈ (tk, tk+1) the waiting time until
the next change made by any actor has negative exponential distribution with
parameter Nλk. When an event occurs, the probability that it is made by any
particular actor is 1/N . That agent chooses whether to alter its links according
to the objective function:

fi(x) =
X
l

βlsil(x)

Here, sil(x) are arbitrary statistics of the network that can either capture in-
dividual attributes, match attributes, or more general aspects of the network’s
current configuration. Given that i makes a change, he chooses to change the
link to j that maximizes

fi(x
c
ij) + Ui(j, t, x)

Ui() is unobserved heterogeneity that is assumed to be independent of the de-
terministic term, fi, and that depends on j, x, and t. If Ui has the Gumbel
distribution, then the probability that i changes his link to j is given by the
multinomial logit distribution

pij(x) =
exp(fi(x

c
ij))P

h6=i exp(fi(x
c
ih))

4.1.2 Model with application to the labor market

Imagine a set of I individuals, A (t), and a set of J employers, F (t) arranged
in a bipartite graph. There is a link between i ∈ A (t) and j ∈ F (t) if and
only if i is employed by j at date t. The totality of these links can be rep-
resented by the I × J adjacency matrix B (t). This graph is changing over
time, so it makes sense to refer to B(t) as the adjacency matrix of the bipar-
tite graph representing the individual-employer matches at time t. Since the
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employment relations between firms and workers change at any time, it is rea-
sonable to think of t as a continuous variable. Furthermore, we will distinguish
primary employment from other forms of employment. This assumption puts
constraints on the row degree distribution in B (t) . Specifically, assume that
j = 0 refers to the non-employment state. Including the column j = 0 ensures
that every individual in the population at date t has exactly one “employer.”
Hence, B (t) eJ = eJ , where eJ is the J×1 column vector of 1s. Given this setup
the column degree distribution, e0JB (t) , is what is known in labor economics
as the size distribution of employers (technically only the columns 1 to J are
included in this distribution). We note that the (very hard) problem of entry
and exit of employers can be included in this formalism by including columns
in F for potential and defunct employers. For the moment, we are not going to
worry about this complication.
The existing data are snapshots of the labor market at points in time,

B(t1), ..., B(tT ), where T is the total number of available time periods. These
adjacency matrices describe describe outcomes sampled at discrete points in
time from the I × (J + 1) potential outcomes at each moment of time. The ob-
jective is to use these snapshots of the labor market to test various assumptions
about how the labor market evolves over time. The basic setup is as follows.
At any point in time, an individual has the objective function, ui(B(t))

that assigns a value to every possible network configuration. At every feasible
point in time, the individual can opt to alter his link in the graph by changing
employers. Let bi be the row vector of the adjacency matrix corresponding
to the ith worker. We assumed that a worker has at most one employer, soP

j bij = 1, since non-employment is included in the columns. The notation
B (i→ j) means that i changes his link with j. If j is i0s current employer,
and i takes a job with j0, we denote this by B (i→ j0). If i leaves his job with
j without taking a new job, we denote this by B (i→ 0). If i leaves his current
employer to non-employment, we denote this by B (i→ j). [This notation,
which was introduced by Snijders, doesn’t seem to be helpful in the bipartite
case. It is meant to represent the assumption that at any instant at most one
link in the graph can change. The resulting change dissolves one employment
relation and initiates another, including in either case the possibility of non-
employment.]
The objective function for the individual-employer graph can be represented

by a match function that depends upon the graph B (t) , characteristics of the
individual X (t) , an I × k matrix, characteristics of the employers Z (t) , a
((J + 1)× q) matrix, and characteristics of the match W (t) , a (I (J + 1)× p)
matrix. Note that while B, X and Z are observable, at least in principle, W
is (mostly) latent since it contains data for all potential matches. Express the
match function at a point in time as F (B (t) ,X (t) , Z (t) ,W (t)) , an I×(J + 1)
matrix function with elements fij .
The match function can, in principle, incorporate many features of the graph

including any statistics about the graph structure that are relevant, covariates
associated with the nodes, X (t) and Z (t), and covariates associated with the
edges, W (t). Theories of labor market equilibrium are descriptions of special-
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izations of the match function f.
For modeling purposes, we now adopt Snijders’ formalism of assuming that

the state of the labor market adjacency matrix can only change a single match
at a time. The configurations of employer-employee matches can be thought
of as states in a stochastic process that evolves continuously over time. The
states are characterized by relevant adjacency matrices, B (t). The “transition
intensity” is defined as

qcm(B) = lim
dt↓0

1

dt
Pr{B(t+ dt) = B(i→ j)|B(t) = B}

where c,m = 1, . . . I (J + 1) . The intensity Q (t) matrix is the continuous ana-
logue of a transition probability matrix. In this applicationQ (t) is (I (J + 1)× I (J + 1))
and its dependence on B (t) means that only certain rows and columns, which
depend upon the current state of the labor market, have non-zero transition
rates. Snijders simplification, adapted to the bipartite graph case, restricts the
the transition intensity intensity as follows

qcm (B,X,Z,W ) = λij (B,X,Z,W ) pcm(B,X,Z,W )

where λij (B,X,Z,W ) is the waiting time between each change made by ij, and
pcm(B,X,Z,W ) determines whether the pair represented by row c changes to
the pair represented by column m.
The waiting time matrix λij (B,X,Z,W ) can either be specified as com-

ing from a particular distribution, or modelled as a function of node and edge
covariates. In terms of the modelling, what matters is that the distribution
of waiting times is such that the probability that any employer-employee pair
make a change “two at a time.” The idea is that the model evolves through
“ministeps,” of which we observe the cumulative effect after a single “period”
of time has elapsed, from tk to tk+1. This assumption is crucial in the limited
panel data available in most social network research, where only a relatively few
timepoints are observed.
Snijders (2001) has the rate identical for all agents, which in our application

translates to all pairs λij , hence for any time point, t ∈ (tk, tk+1) the waiting
time until the next change made by employer-employee pair has negative expo-
nential distribution with parameter I (J + 1)λij . When an event occurs, the
probability that it is made by any particular pair is 1/I (J + 1). That pair
chooses whether to alter its links according to the objective function:

fij(B,X,Z,W ) =
RX
r=1

βksijk (B (t) ,X (t) , Z (t) ,W (t))

where sijk (B (t) ,X (t) , Z (t) ,W (t)) are specific characteristics of the network.
Given that ij make a change, the resulting link maximizes

fij(B,X,Z,W ) + uij(i, j, t, B)
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uij () is some unobserved heterogeneity term that is independent of the deter-
ministic term, fij , and that depends on i, j, t, and B. If uij has the Gumbel
distribution, then the probability that ij changes links is given by the multino-
mial logit distribution

pij(x) =
exp (fij(B,X,Z,W ))P
cm exp (fcm(B,X,Z,W ))

4.1.3 Estimation

The parameters of the model are θ0 = (β0, λ0) where λ0 = (λ11, ..., λI(J+1)). If
β0 = (β1, ..., βK), so θ is I (J + 1) + K × 1 The idea is to use a I (J + 1) +
K−dimensional statistic M such that

EθM = m

where m are the observed moments. Snijders suggests a stochastic iterative
algorithm for estimation of θ. The basic iteration step is

θ̂N+1 = θ̂N − aNI(MN −m(B))

where aN is some sequence converging to zero, MN is the network statistic
generated by simulating the model. Since the λij are changing over time, they
are estimated as

Eθ [Mij (B(tk−1), B(tk)) |B(tk−1)] = mij(B(tk−1), B(tk))

Since the β do not change over time, the relevant moment equation is

RX
r=1

Eθ [Mij(B(tk−1), B(tk)|B(tk−1)] =
RX
r=1

mij(B(tk−1), B(tk))

For estimating such coordinates of M , it is necessary to simulate the model.
So, taking the parameter estimate θ̂, for each k = 2, ...,K, simulate the process
starting with initial state B(tk−1) and let time run from k−1 to k. The network
that results is Bsim(tk). Then, define

M =
RX
r=1

mr

¡
B(tk−1), B

sim(tk)
¢

While the observed outcome is

m(B) =
KX
r=r

mr(B(tk−1), B(tk))
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